Abstract. If n ≥ 3 and F n is free of rank n, then Out(Aut(F n )) = Out(Out(F n )) = {1}. §1. Introduction
generated by W n together with one other automorphism r, which arises as a symmetry of a certain graph in the link of the standard rose. By analyzing the stabilizer of this graph we shall see that there are only a small number of possibilities for φ (r) . A further analysis shows that each of the putative images φ(r) = r leads to inconsistent relations in Out(F n ).
Thus we conclude that φ(r) = r and hence φ = 1 in Out(Out(F n )).
§2. The Automorphisms of the Stabilizer of a Rose
Fix an ordered basis {x 1 , . . . , x n } of F n . For i = 1, . . . , n, let e i be the automorphism of F n that sends x i to x −1 i and fixes the other basis elements. For i = 1, . . . , n − 1, let τ i be the automorphism that interchanges x i and x i+1 while leaving the other basis elements fixed. Let W n ∼ = (Z/2) n S n be the subgroup of Aut(F n ) generated by the e i and the τ i . The group Aut(F n ) (and therefore Out(F n )) is generated by W n together with the automorphism u which sends x 1 → x 1 x 2 and fixes x i for i > 1 (see [MKS, p.163] ).
There is a faithful representation W n → GL(n, Z) whose image consists of all matrices of the form P D where P is a permutation matrix and D is a diagonal matrix. The center of W n has order 2; it is generated by z = n i=1 e i , which is represented by the matrix −I.
It is easy to check that α is an automorphism for all n, and β is an au-tomorphism if and only if n is even. Both α and β have order 2, as does their product αβ. None of α, β or αβ is inner, since an inner automorphism would preserve traces, while tr(τ 1 ) = tr(α(τ 1 )), tr(e 1 ) = tr(β(e 1 )), and tr(τ 1 ) = tr(αβ(τ 1 )).
We are grateful to Peter Neumann for his comments on the following lemma.
is generated by α and β.
Proof. Let N = (Z/2) n be the normal subgroup generated by the e i . We claim that N is a characteristic subgroup of W n . To see this, note that if A = φ(N ) = N for some automorphism φ of W n , then A would have non-trivial image in the quotient
Since the image would be a normal 2-group this is impossible unless n = 4 and the image is the Klein 4-group V . But the action of V on N has z as its only fixed non-zero vector, contradicting the fact that the intersection of the abelian group A with N has order 4.
Since N is characteristic, any automorphism of W n induces an automorphism of S n = W n /N . If n = 6, this automorphism must be inner, since Out(S n ) is trivial; we continue under the assumption that n = 6. Composing a given automorphism φ of W n with conjugation by an element of S n = 1 S n , we may assume that for all σ ∈ S n we have
Let Fix(σ) denote the fixed point set of the action of σ ∈ S n on N . For all g ∈ N and σ ∈ S n we have φ(σ
Since Fix(σ) = {0, e 1 , e 1 z, z} and φ(e 1 ) = z, we either have
(1 i) (writing the action of S n as exponentiation) and hence we either have φ(e i ) = e i for i = 1, . . . , n or else φ(e i ) = e i z for i = 1, . . . , n. This latter possibility is fine if n is even but does not define a homomorphism if n is odd because in that case φ(z)
After possibly composing with the outer automorphism β if n is even, we may now assume that φ| N is the identity, as well as that φ induces the identity on the quotient W n /N = S n ; thus we are reduced to finding all splittings φ: S n → W n . Such splittings are in one-to-one correspondence with the elements of H 1 (S n , N). Here S n acts on N ∼ = (Z/2) n by permuting the factors, thus N is induced from the trivial action of
Thus the only splittings S n → W n are the one fixing the generators τ i and the one sending each τ i to zτ i .
It only remains to see that the non-trivial outer automorphism of S 6 does not extend to an automorphism of W 6 . But this is obvious from the fact that this outer automorphism interchanges the set of 3-cycles and the set of products of disjoint 3-cycles, and these different types of elements have stabilizers of different rank in the characteristic N ⊂ W 6 .
§3. Geometric Realizations of Finite Subgroups
In this section we shall make liberal use of the vocabularly associated to the action of Out(F n ) on Outer space. This action is related to the action of Aut(Out(F n )) on the finite subgroups of Out(F n ) by the following facts.
Realization Theorem.
(See [2] and [10] .) Every finite subgroup of Out(F n ) fixes a vertex (marked graph)
[Γ, f] in the spine of Outer space, and there is a natural isomorphism from the stabilizer of [Γ, f] to the group of graph-isomorphisms of Γ.
Unravelling the definitions, this amounts to the following: for every finite G < Out(F n ) one can find a graph Γ connected, with no vertices of valence less than three and no separating edges), an isomorphism f * : F n → π 1 (Γ) and a groupG = {g | g ∈ G} of automorphisms of Γ such that g = f
We say that [Γ, f] realizes G. (One can realize finite subgroups G < Aut(F n ) by graph automorphisms that fix a basepoint.)
The Stabilizers of Roses are Characteristic.
For n ≥ 3, the subgroups of Out(F n ) isomorphic to W n are the maximal subgroups that can realized by a rose; in other words, they are the stabilizers of the roses in Outer space (see, e.g. [7] or [9] ). Proof. We identify W n with the stabilizer in Out(F n ) of the rose ρ 0 associated to our fixed basis x 1 , . . . , x n of F n ("the standard rose"). It follows from the second of the facts stated above that φ(W n ) is the stabilizer of some rose ρ 1 in Outer space. The action of Out(F n ) is transitive on roses, so ρ 1 = ψ(ρ 0 ) for some ψ ∈ Out(F n ). Thus φ (W n ) = W n , where φ is the product of φ and ad(ψ) ∈ Inn(Out(F n )). Lemma 2.1 finishes the proof.
We wish to eliminate the possibilities φ | W n ∈ {α, β, αβ}. We shall do so by considering the action of φ on the subgroup H ⊂ W n generated by {e i , τ i | i = 3, . . . , n} and τ 1 . The structure of H is H = W n−2 × Z/2, where the factor Z/2 is generated by τ 1 and W n−2 is generated by the remaining τ i and e i .
We shall also need the subgroup G = W n−2 × S 3 , where W n−2 is as above and S 3 is the symmetric group of order 6 generated by τ 1 and the automorphism r = ue 2 :
G is the stabilizer of the marked graph γ shown in Figure 1 , and G ∩ W n = H. Any graph that realizes G also realizes H ⊂ G. The automorphism groups of δ and e 2 δ do not contain subgroups isomorphic to G, and G is not contained in W n , the stabilizer of ρ 0 , nor in z −1 Gz, the stabilizer of zγ. Thus G fixes only γ.
Lemma 3.3. Every class
Proof. In the light of Lemma 3.1, we may assume that φ leaves W n invariant, and we will be done if we can show that the "bad" possibilities φ| W n ∈ {α, β, αβ} do not arise. If In the previous section we showed that every class [φ] ∈ Out(Out(F n )) contains a representative φ such that φ| W n is the identity. We also saw that any graph realizing 
, and that G is generated by H and the element r defined in Section 3. Recall also that Out(F n ) is generated by W n and r, so if we can show that φ(r) = r then we shall be done.
Since φ| H is the identity, φ restricts to an automorphism of the centralizer of W n−2 in G. This centralizer is Z/2 × S 3 , where Z/2 = z is the center of W n−2 (explicitly, z = e 3 . . . e n ) and S 3 is generated by r and τ 1 . The only order 3 elements of this centralizer are rτ 1 and τ 1 r, so that φ(rτ 1 ) = rτ 1 or φ(rτ 1 ) = τ 1 r. Since φ fixes τ 1 , this implies that φ(r) = r or φ(r) = τ 1 rτ 1 .
Suppose that φ(r) = τ 1 rτ 1 . We compute that u = re 2 commutes with e 1 ue 1 but that φ(u) = τ 1 rτ 1 e 2 does not commute with φ(e 1 ue 1 ) = e 1 τ 1 rτ 1 e 2 e 1 . Furthermore, the commu-tator of φ(u) and φ(e 1 ue 1 ) is not inner, contradicting the fact that φ is a homomorphism.
The proof that Out(Aut(F n )) is trivial is essentially identical to the above proof;
the only difference is that we consider each graph used as a graph with basepoint -the basepoint is at the (unique) vertex of maximal valence.
